Deformation of Singularity on an Irreducible Quartic
Curve by Using the Computer Algebra System
Risa/Asir
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1 Introduction

Irreducible quartic curves are classified by the singularities. In this paper, we consider the deformation
of irreducible quartic curve by using the computer algebra system Risa/Asir.

Let P? be a 2-dimensional complex projective space with the coordinate [z,v, 2] and let f,(x,y,z) be
a homogeneous polynomial of degree n in P?. We consider the set V,, := {(x,y, 2)|fu(z,y,2) = 0}. We
call V4 a complex projective plane quartic curve but simply a quartic curve throughout this paper. There
exist 21 types of curves as the classification of irreducible quartic curves([1]).

Let f1, fo, ..., fr be holomorphic functions defined in an open set U of the complex space C™. Let X be
the analytic set f;1(0)N...N f71(0). Let x € X, and let g1, 9o, ..., g be a system of generators of ideal
I(X),, of the generators of the holomorphic functions which vanish identically on a neighborhood of zg
in X. zg is called a simple point of X if the matrix (9g;/0z;) attains its maximal rank. Otherwise, zo
is called a singular point (singularity) of X. (For r = 1,z is called a hypersurface singularity of X.)

Let V be an analytic set in C™. A singular point xzy of V is said to be isolated if, for some open
neighborhood W of g in C™, W NV — {z0} is a smooth submanifold of W — {x¢}.

Let (X,z) be a germ of normal isolated singularity of dimension n. Suppose that X is a Stein space.
Let 7 : (M, E) — (X, ) be a resolution of singularity. Then for 1 <i < n — 1, dim(Rim,J))x is finite.
Rirm, 9y has support on z. They are independent of the resolution.

We denote them by

RY(X, ) == dim(R'm,9p)x (1<i<n—2)

and
Py(X,z) = dim(R" ', Ip) x.

The invariant P, (X, z) is called the geometric genus of (X, x).

Let X be a normal 2-dimensional analytic space. Then the singular points of X are discrete. There

are rational singularities, elliptic singularities and so on.
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A singular point x of X is called rational if Py(X,z) = 0. (The singularity (X, z) is also called rational
even when dim X > 3 if the direct image sheaf Rim, 95, = 0 for i > 0.) For a rational singularity = € X,
the multiplicity of X at x equals —ZZ and the local embedding dimension of X at z is —Z2 + 1. Hence a
rational singularity with multiplicity 2, which is called a rational double point ( A,,, D,, Eg, E7, Eg ), is
a hypersurface singularity ([2]).

On the basis of the above-mentioned theory, we consider the deformation of singularities on a quartic
curve. And we make it clear that the structure of singularity changes by a change of parameters of the

defining equation.

2 Singularities of quartic curves

For the classification of irreducible quartic curves, the following result is known( [1]). (Fundamental

type means a class of P2 — C classified by logarithmic Kodaira dimension.)

Number of singularities | Type of singularities | Number
1 As I,
1 FEg I
1 As 11,
1 Ds 11,
1 D, II%G
2 AgAs Iy,
2 A1 Ay 111,
2 A3zAs 111,
2 Ay As 111,
3 Az Az A 111y
3 Ay AsAq 111,
3 Ay A1 Ay 111y
3 A1 A1 Ay 111,
1 Ay 111,
1 As 117,
2 As Ay 11];
2 A Ay 11T}
2 A1 A 117,
1 Ay 117,
1 Ay 117,
0 111,
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3 Deformation of singularity

We consider the following defining equation:
=222+ 2’2+t + 32 + ar1y2® + axzt = 0.
The curve defined by this equation has a singularity at [1,0,0] in P?.

fw |z:1: 2z + 2y25 f?j |z:1: 41‘9 + 4y3 + 3y2 + ai, fz |z:1: 23}2 + Qny + y3 + 3a1y + 4@2.
Let G be the Grobner Base with lexicographic order for fy |.=1, fy |2=1, f> |2=1-
G = (—4a3 — 27a3, —9asy + 2a%, 2a1y + 3az, 3y* + a1,3x — a;)

(We calculated the Grobner Base by using the computer algebra system Risa/Asir ([3]))

As a result, the curve defined by f = 0 has the only singularity at [1,0,0] for 4a$ + 27a3 # 0. This
curve is type I11},.

And the curve defined by f = 0 has the A, singularity at [0,0,1] for a; = as = 0. This curve is type
Iy,

We understand that singularity type I11, and singularity type I1 13, oceur as a state of deformation of
double cusp singularity type 111}

We consider the deformation of irreducible quartic curve with a singularity. In summary, we obtain

the following result.
f=a%2+ 224+ 9y + 32 + a1y2® + a2 = 0.

4a3 +27a% # 0 — type I11},.
4a3 4+ 27a%2 = 0 and { a; # 0 or ay # 0} — type I11,.
a; =0 and ag = 0 — type II%b.

Therefore, by the value of parameters of the defining equation, it occurs the new singularity. This is an
example of deformation of singularities. It means that the structure of singularity changes by a change

of parameters of the defining equation.
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