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Abstract

A combinatorial object called K-hives realizes the crystal basis of an irreducible highest
weight module over the quantized enveloping algebra of type A. In this paper, we give
a set of algorithms to compute the crystal structure on K-hives. By implementing these
algorithms, we created a new package called khive-crystal in Python, which incorporates
all the functions needed to realize crystal structures. We give some examples of performing
this package.
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1 Introduction

For a symmetrizable Kac-Moody algebra g, the quantized enveloping algebra U,(g) is deter-
mined with an indeterminate g, see [2, 8]. Certain modules over U,(g) have crystal bases, which
can be viewed as its basis at ¢ = 0, and it enables us to understand the representation theory
of U,(g) from combinatorics. For example, the irreducible highest weight modules over the
quantized enveloping algebra of a simple Lie algebra have a crystal basis and are realized by
Young tableaux [[]. Then the action of U,(g) on the highest weight modules can be computed
by Young tableaux combinatorics. It also means that other problems in representation theory,
such as the tensor product decomposition, can be approached by the combinatorics.

In a previous study, we gave a crystal structure on a set of K-hives and showed that the crystal
of K-hives is isomorphic to the crystal basis of an irreducible highest weight module over a quan-
tized enveloping algebra of type A. K-hive is a labeling of vertices of an equilateral triangular
graph introduced in [8, 2, [T]. K-hives have correspondence with semistandard Young tableaux
or Gelfand-Tsetlin patterns, and then, for example, they can be applied to compute (Stretched)
Kostka coefficients. Also, there is another special kind of hive called LR-hives, which corre-
sponds to Littlewood-Richardson tableaux and has application to Littlewood-Richardson coeffi-
cients. For example, in [[I6], the symmetry of the Littlewood-Richardson coefficients is proved
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by LR-hives. Therefore, hives give a new perspective on problem solving in combinatorial
representation theory.

In this paper, we give a set of algorithms for computing the crystal structure given in [I4]
on K-hives, and some examples of executing these algorithms using the first author’s original
system. The system is implemented as a Python package named khive-crystal. The source code
is available in [I3].

This paper is organized as follows. In Section [, we review basic notions and notations of
quantized enveloping algebras, crystals, and K-hives. In Section B, we give a set of algorithms
for the crystal structure on a set of K-hives using two approaches. One approach can be obtained
by considering a set of K-hives determined by a dominant weight as a subset of a tensor product
of sets of K-hives determined by fundamental weights. The other approach is based on an
combinatorial description of the crystal structure on K-hives. In Section B, we give concluding
remarks.

2 Preliminaries

2.1 Quantized Enveloping Algebras

In this subsection, we review the definition of quantized enveloping algebras of type A, see [B]
for more details.

Let sl,, be the Lie algebra of type A, over C with Cartan subalgebra b consisting of traceless
diagonal matrices. Let I = {1,2,...,n—1} be an index set. Let A = (a;;); je; be the Cartan matrix
of type A,_;. For i € I, define the liner map €;: ) — C by ¢(h) = A;, where h = diag(4; | j €
I el Foriel, seta; = € — €1. Let I = {a;}ic; C b* be simple roots and ITY = {;};c; C B
be simple coroots. Let A be the root system of sl,,. Set AT = AN Y;; Zsoa; and A~ = A — A*.
Forallie I, let A; = € + & + -+ + & € h* be an i-th fundamental weight. Set P = B, _, ZA,,
Pt = @, ZsoA;, and PV = P, Zh;. We call P the weight lattice, P* the set of dominant
integral weights, and P the dual weight lattice, respectively. Using this notation, the Cartan
datum for sl, is defined as (A, I1, 1TV, P, PV).

Let g be an indeterminate. Let U,(sl,) be the quantized enveloping algebra over Q(g) associ-
ated with the Cartan datum (A, IT, IT", P, PY). Let V(1) be the irreducible highest weight module
of weight A € P* with the highest weight vector v, over U, (sl,).

2.2 Crystals

In this subsection, we review the notion of crystals, see [B3, 5, A] for more details.

Definition 1

A crystal associated with Cartan datum (A,IL IV, P, PV) is a set B together with the maps
wt: B > P,e;,f;i: B— BU{0}, and g;,¢p;: B —» Z U {—o0} (i € I) satisfying the following
properties.

1. ¢i(b) = &i(b) + wt(b)(h;) fori e I,

2. wt(e;b) = wt(b) + a; if e;b € B,

3. wt(fib) = wt(b) — «; ife;b € B,

4. gi(e;b) = €i(b) — 1, gi(e;b) = pi(b) + 1 ife;b € B,
5

- &i(fib) = &i(b) + 1, gi(fib) = ¢i(b) — 1 if fib € B,
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6. fib =¥ ifand only if b = e;l/ forb,b’ € B,i €1,
7. if gi(b) = —co, then e;b = fb = 0.

Since (A, 1, ITY, P, PY) is the Cartan datum of type A,_1, a crystal associated with (A, IT, IT", P, P¥)
is also called a U, (sl,)-crystal.
A U,(sly)-crystal can be thought of as a colored-oriented graph in the following manner.

Definition 2
Let B be a Uy(sl,)-crystal. A crystal graph of B is an I-colored oriented graph whose vertices

are elements of B and the arrows are written as b— b’ when fib="b"forielandb,b’ € B.

The tensor product of crystals is defined as follows.

Definition 3
Let By and B, be crystals. The tensor product By ® B, of By and B, is defined to be the set
By x B, whose crystal structure is defined by

1. wt(b; ® b)) = wt(by) + wt(by),
2. &i(by ® by) = max(g;i(by), gi(b2) — wi(b1)(hy)),
3. (b ® by) = max(p(bs), p(b1) + wi(b)(hy)),

eibi ®by  ¢i(by) 2 &i(b),

4. ei(b1 ® by) =
by ®eiby  ¢i(b) < &i(by),

fib1®by  @i(by) > &i(by),
b1 ® fiby  ¢i(b1) < &i(b).

In general, we have the following proposition([[Z, Proposition 2.1.1]).

5. fib1®by) = {

Proposition 4
Forje{l,...,N}, let B; be a Uy(sl,)-crystal. Fixi € I. Takeb; € B;(j=1,...,N), and we set

ap = Z (Qoi(bj)_gi(bjﬂ)) 1<k<N.

1<j<k

In particular, we set a; = 0. Then we have

1. &by ®---®by) = max (¥ &1(b)) = Ticjr #ib)) | 1 <k < N,

2. ¢i(b1 ® -~ ®by) = max {@i(by) + iejen (@i(h)) — £ilbjan)) | 1 <k < N),

3. Ifk is the largest element such that a; = min{a; | 1 < j < N} then, we have
i1 ® - @by)=b1® - Qby_1 ® [ibr Qbrs1 @ -+ Q by,

4. Ifk is the smallest element such that a; = min{a; | 1 < j < N} then, we have

(b ® - Qby)=b1®---Qbj_1 Qeby ®bry1 ®--- R by.

An isomorphism of crystals is defined as a bijection preserving crystal structure. Later we
will also construct a crystal embedding as defined in the following.
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Definition 5
Let By, B, be U,(sl,)-crystals. A crystal morphismY¥: B; — B, isamap¥: B;U{0} — B,U{0}
satisfying

L wt(¥(b)) = wi(b), £(Y (b)) = £i(b), ¢i(¥(b)) = ¢i(D) if b € By, '¥(D) € Ba,
2. f¥(b) =Y(fib),e;¥(b) = P(e;b) if V(b), ¥(e;b), Y(f;b) € B, forb € By,
3. ¥(0)=0.

A morphism¥': B; — B, is called an embedding if Y induces an injection B; U {0} — B, U {0}.
A morphismW: By — B, is called an isomorphism if ¥ induces a bijection B U {0} — B, U{0}.
We write By = B, if there exists an isomorphism¥: B — B;.

2.3 K-hives

Hives are introduced by T.Tao and A.Knutson [I2, IT] as the labeling of the vertices of an
equilateral triangular graph. There are three forms of hives, one of which, the upright gradient
representation, is used in this paper. See [[[l] for more details. In this paper, we use K-hives,
which are a special kind of hives [K].

Letn € Zsp and 4 = (A1, 4Ap,...,4,) € Z5,. A is called a composition of m € Zy if
Al + -+ 4, = m. A composition A is called a partition of mif 4y > --- > 2, >0. If 1isa
partition of m such that 4; = kfor 1 <i </ <nand A; =0 forl < i < n, then we write A as (k™).
In particular, we simply write (0") as O if there is no fear of confusion. In addition, £(1) denotes
the length of A.

For A € P*, there exists a partition A such that 4,61 + ey + -+ + A6, = A Similarly, for
(€ P, there exists a composition fi such that fi; €, +fi,e; +- - - + 1,6, = . Note that a composition
(fy +k, ..., 1, + k) also represents ;t € P since ) +--- + €, = 0.

Let £ € P be a weight of V(1). Then ¢ is written as A — },; kia; € P (k; € Z). For &, there
exists a composition & such that &€ + &6 + -+ + &6, = Eand X, & = Y0, A

In the following, a partition (resp. composition) A representing a dominant weight (resp. an
integral weight) A is also denoted by A by abuse of notation.

Definition 6

Leta = (a1,...,a:), 8= B1,...n), ¥ = V1...,Yn) € Z". Let (Uij)15i<j§n e 7Mn=DI2 - Ap
integer hive of size n in upright gradient representation ([lLf]) is a tuple (@, B, v, (U;j)1<i<j<n) that
satisfies

n

k=1
Bi= e+ ) Ui+ (@— D Uy ()
i=1

j=k+1

Remark 7
In [12, [T, [I6], the term hive refers to a hive with additional inequality conditions called the
rhombus inequalities. We rather follow the terminology of [8&, ©, [[0].

An integer hive in upright gradient representation is illustrated as the labeling of an equilat-
eral triangular graph with boundary edge labels and rhombi as shown in Fig. [.
Set [n] = {1,2,...,n}. In the following, for i € [n], set

Ui =/3i—ZUki 2
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Fig. 1: Integer hive graph of size 4

and U;; =0ifi > jor j>nori< 1. Also, for simplicity, we will write (U;;)i<i<j<n as (U;j)i<;-
In this paper, we consider a kind of integer hive called a K-hive.

Definition 8 A '

Letm,n € Zso. Leta,f,y € Z%,. For1 <i < j<n, setLj = Y-, Uy — 3}_, Uix. Then
an integer hive in upright gradient representation H = (a, 8,7y, (U;j)i<;) is called a K-hive if the
following conditions are satisfied

1. «a is a partition of m,
2. B is a composition of m,
3.y =0,
4. Ujjz20for1 <i<j<mn,
5. Lj>=0forl1 <i< j<n,
6. B; > Y\ Uy, fori € [n].
Let
H"(a,B,0) = {H = (a,3,0,(U;j)ic;) | H is a K-hive}.
Set

H(e) = | H"(@,,0)
B

where the union runs through all compositions of m.

Remark 9
For H = (@, B,0, (U;))i<;) € H"(a,3,0), we have

n k- n

n 1
D Be=D> O Un+ar= ) Uy
k=1 k=1 i

i=1 j=k+1
n
= Z Q.
k=1

Thus, if ! a; # Y1, Bi, we have H"(a,8,0) = @.
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Remark 10

Let @ = (a),a,...,a,) be a partition of m € Zsy. Letl € Zsy. Set @ = (a; +1);. We
know that o and o’ represent the same dominant weight. We also have that H(«@) = H(a') as
a set. The bijection from H(a) to H(a') is given by the map which maps (a,$3,0, (Ujj)i<;) to
(@,p,0,(U;)i<j), where B’ = (B; + I); and (Vi))i<j = (Uij)i<j. Note that Vi = Uj; + | holds for
i=1,2,...,n—-1.

Remark 11
Let H € H"(a,f,0) c H(a). In this case, we have U;; = a; — Z;f:m U;; by Definition B (I)@).
Also, we have U;; = 0 for j € [n] if ; = 0 since Uy > 0 for1 <k <[l <n.

Example 12

Letn=4,1=3,2,1,0) and u = (2,3,1,0). We have an example of H € H® (A, u,0) c H(1)
as shown in Fig. O.

e HO, 1, 0) € H(A).

Fig. 2: An example of a K-hive

Remark 13

LetAd e P* andlet H = (A,11,0,(U;j)i<j) € H(A). Let T be a Young tableau of shape A, weight
1, and let U;; be the number of j in i-th row of T. Then, the map that sends H to T is a bijection
from H(A) to the set of semistandard tableaux of shape A (cf. [9]).

2.4 Crystal Structure on K-hives

In this subsection, we review the crystal structure on H(A) for 2 € P* according to [I4]. There
are two ways to introduce the crystal structure on H(1). One way is realized by regarding
H(A) as a subset of a tensor product of crystals of the form H(A;). Another way is realized by
considering a combinatorial description of the crystal structure.

The following is a technical lemma.

Lemma 14 ([I4])
LetvelandH = (A, 1,0, (U;j)ic) € HA,).

1. Forallie{1,2,...,v}, there exists a unique j € {i,i + 1,...,n} such that U;; = 1.
2. Fix j€l. If there exists i,i’ € {1,2,..., j} such that U;;, Uy; > 0, then i = i’ holds.

We first define the crystal structure on H(Ay) for k € I.
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Definition 15 ([14])
Letv € I. The maps wt: H(A,) — P, e;, fi: H(A,)) — H(A,) U {0} and &;, ¢;: H(A,) — Zso
(i € I) are defined in the following manner. Let H = (A,, u, 0, (U;))i<;) € H(A,).

1. wi(H) = 725 (e = pae)Ax € P,
2. gi(H) := max(uir1 — y4;,0),
3. @i(H) = max(y; — pi+1,0),

4. Sety’ = 3 _ e € Pwherep! =y + 1,1l = pipy — 1, and uj, = i fork # i,i+ 1. Set
U,QM. =Up,it+1, U,’W,r1 = Uy,i+1 — 1 if there exists ko € {1,2,...,i+ 1} such that Uy, ;.1 > 0.

Set’Ulil =Uy itk #kypandl #i,i+ 1. Then, fori € I, e¢;: H(A,) — H(A,) U {0} is defined
as follows:

i = Al 0 ) i) >0,
"o &i(H) = 0,

5. Sety' =3 _ e € Pwherep! =p — 1, ul, | = pig + 1, and uj, = i fork # i,i+ 1. Set
U,io’[. =Upi—1, U,io’m = Uy,i+1 + 1 if there exists ko € {1,2,...,i} such that Uy, ; > 0. Set
U, =Uyifk+koandl #i,i+1. f;: H(A,) — H(A,) U{0}(i € ) is defined as follows:

fH — (Ava ,Ll’, O’ (U],d)k<l) QDI(H) > 0,
R ¢i(H) = 0.

Remark 16 ([14])
It follows from Definition @ (1) that u; € {0, 1} for all i € [n] since A, corresponds to (1%). Thus,
we have ¢;(H), €;(H) € {0, 1}. Moreover, the following holds.

[t fH=#O,
%(H)—{O FH = 0.

1 eH %0,
85(H):{0 :HfO

Proposition 17 ([14])
Letv € I. Then H(A,) is a Uy(sl,)-crystal together with the maps wt, e;, f;, i, & in Definition
5.

By the map ¥ defined in the following, we regard H(A) as a subset of a tensor product of
crystals of the form H(Ay). Then, to define ¥, we first define a map ¥,.

Definition 18 ([14])
Let A = Y egmA; € P*. Set N = Y,gym;. Letly = max{i € I | m; # 0}. For H =
(A, 1,0, (Ui)i<j) € HQ), Hy = (Agy, g™, 0, (UY);<)) s defined by

) _
Ui =

I if j=min{j € [n] | Uy; > 0},
0 otherwise,

A {1 if there exists j € [n] such that U > 0,
)

0 otherwise
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For H and Hy, H®™D = (A0, £80,0,(Vi¥™V);c;) is defined by AND = 2= Ay, eV =
p=p™, and VIV = Uy - UN (1 <i< j<n).
Lemma 19 ([I4])

Let A = Y, miA; € P*. Set N = Y;c;m;. Let H € H(1). Let Hy and H¥V in Definition II8.
Then, Hy € H(A,,) and HV™D € H(AN™D) hold.

Definition 20 ([14])

Let A = Y;gmA; € P*. Set N = Y,;om;. For each H € H(A), take Hy € H(A,;,) and
H™=D € H(AN=D) as in Definition I8. Then define the map ¥, : H(1) — HAND)x H(A,,) by
Y (H) = HY D x Hy,.

Lemma 21 ([I4])
The map ¥, is an injection.

By applying ¥, repeatedly, we have an injection from H(A) to (X) « H(AL).

Proposition 22 ([14])
Let A = Y,;c; miA\; € P*. Then there exists an injection

¥ H) — ® H(A,)®™.
i€l
To define the crystal structure on H(A) for A € P* so that ¥ is a crystal morphism, we need

to show that an image of W is stable under the action of e;, f; (i € I). To show this, we start by
examining an image of V.

Lemma 23
Letd = Y. miA; € P*. Set N = Y, ;m;. Let H € H(1). Let W(H) = H, ® - -- ® Hy, where
H; = (A,k,p<’<>,o,(U§;.‘)),-<j) (k=1,...,N). Fork € {1,...,N} and i € [n], if there exists j € [n]

such that Ug;) > 0, then set j;; to its j, otherwise set j; to 0. Suppose that j;; > 0 for some
ke{l,...,N}andi € [n]. Then we have j; > jix ifk > k'

Proof Set HY = H and A = A. By Definition IR, for m = 1,2,..., N there exists H,, €
H(A,,) and H™D e H(A™DY such that

¥ (H™) = H™ Y @ H,.

Form =1,2,...,N,let H™ = (1™ &m0, (VIFJ'.")),-< ). Fix k € {1,2,..., N}. It follows from the
definition of ¥ and W, (1 € P*) that

Vil =Ul + 4 U A <i<jsn).
Then, by the definition of ¥«

w _ [1 j=min{je ]|V} >0},
Y 0 else.

This means that for 1 <k’ <k <N
jik =min{j € [n] | U +--- + U > 0}
<min{j €[] | U +---+ U > 0}

= jik-
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Remark 24
It follows trom Lemma 23 that

Jie =min{j € [n] | Us-) >0,l=1,...,k}
= max{j € [n] | U} >0, =k,...,N}.

Proposition 25
LetA = ZiEI ml'Ai = Zie[ /ljei € P+. SetN = ZiEI m;. Then,

N
W(HD) = (Hy @@ Hy € QQE(AL | jiayyr = Jiay o1 =+ = jinforallie Iy, (3)
k=1

where jix (i € I,k € {1,...,N}) is defined in Lemma 3.

Proof LetA = Y;;mA; = Y i€ € PT. Set F to the right set of (B).
First, we show W(H(1)) ¢ F. Let H = H; ® --- ® Hy € ¥Y(H(1)), where H; € H(A,,) for
k=1,2,...,N. We know A; = m; + my;| +--- + m,_; fori € I. Then by the construction of ¥,
liyer, = ANn+1-i. By Lemma @4, jis, > 0holds. By Lemma U3, jiay,, > Jity 1 2+ 2
Jin holds. Thus, H € F holds.
Next, we show & € H(1). Let H = H,® --®Hy € X),_, H(A,;,), where Hy = (A, 1,0, (U“‘)),< b
for k = 1,2,...,N. Let A = (4,1,0,(Uj)ic)), where 1 = L, Ay, i = 3L, 4®, and
= Zszl Ug.‘) (1 <i< j<n). Then we can check H € H(1) as follows. Fori € I,

(k)

I
<
=N
=
+
— N
PN
=
=
e
S
=35
=
N ——

1= 0

I=i+1

Then H is an integer hive. A € P*, i € P, Yie; i = Yiesfii» and U;; > 0(1 < i < j < n)
immediately hold from the definition of A and H; € H(A;). Forl1 <i< j<n,

j
U - Z Uik

k=1

J-1

Also, fori eI,
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By the choice of H, A = A. Then H € H(A).

We may assume Y(H) = H ®- --®Hy, where H, = (Alk,ﬂ("), 0, (Uff))i<j) fork=1,2,...,N.
We show H;, = Hy for k = 1,...,N by induction on k. Set HY = H and A™ = A. By
Definition R, we know ¥, (H®) = A% ® H, where H® = (1%, zg®, 0, (ij’.”),»< j) for k =
1,2,...,N. By Definition IR and H € F,

o _ [1if j=min{j € [n] Uf}) Hoet Uff” > 0},
H 0 otherwise,
1 it =i,
o otherwise,

— ™
=u.

By Definition I8, g™ = u™, namely Ay = Hy holds. Assume that A, = H, for s = k + 1,k +
2,...,N. By Definition 8, H € ¥, and the induction hypothesis,

5 L if j=min{j € [n] | U} +---+ U > 0},
0 otherwise,

_ it j = ji
0 otherwise,

By Definition I, 5® = 4®, namely H; = H; holds. Thus, H € Y(H(1)). I

Lemma 26
Let H = (A,,1,0,(Ujj)ic;) € H(A,). Suppose that there exists iy, jo,i1, j1 € [n] such that
Uiy.jo» Uir,jy > 0. Then iy > iy if and only if j; > jo.

Proof Let H = (A,,u,0,(U;j)icj) € H(A,). Suppose that there exists iy, jo, i1, j1 € [n] such
that Uy, j, Uy, j, > 0.
Assume i} > ip and i} = iy + [ for some [ € Z. By Lemma 4 and H € H(A,),

-1 jo-1 Joti-1
ZLi0+k,j0+k = Z Uipk — Z Uig+ik
=0 =1 k=1

Jo+l-1

=- Z Ui+ 2 0.
=1

Then, we have U; , = 0fork =1,2,..., jo + [ — 1, especially U;, = 0if k < jo. Thus, j; > jo
holds.

Assume j; > jo. Suppose that iy > i; and iy = i; + [ for some [ € Z. By Lemma [4 and
H € H(A,),

-1 il i+l
Lijvkji+k = Z Ui - Z Ui +ik
=0 =1 =1
Ji+l-1

=- Z Uiix 20
=1
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Then, we have U,y = 0fork =1,2,..., j; + -1, especially U;x = 0if k < j;, however, this is
a contradiction for j; > jo. Thus, i; > iy holds. 1

Remark 27

For H € H(A) (A € P*), let ¥(H) = H, ® - -- ® Hy, where H; = (A;,,u®,0, (U}j.“),-< ) € H(Ap)
fork=1,2,...,N. Fori € [n] andk € {1,2,...,N}, let j;; be as in Lemma[Z3. Then, for each
k=1,2,...,N, we have

Jik < Jox <0 < Juk €]
from Lemma 8.

Proposition 28
Let A € P. Y(H(Q)) U {0} is stable under the action of e; and f; fori € I.

Proof We show that f;(W(H(A1)) U {0}) ¢ P(H(A)) U{0}. Let H = H; ® --- ® Hy € Y(H(Q)),
where H = (A, 1u®,0,(UD)ic;). Assume fiH = H ® -+ ® fiHy, ® -+ ® Hy. If fiH = 0, the
statement is obvious.

Suppose fiH # 0. Let fiHy, = (A,ko,,a("O),O,(Ug.“’)),(j). For i € I, if there exists j € [n]
such that U(j“’) > 0, then set jiz, to its j, otherwise set ji, to 0. For Hy, and i, let ko in
Definition I3 (8) be written as k;y. Then we know kaH k, = i. By Definition [, we have
Jk/H k = i+ 1and Jrgy = Jjrg if k # krg. By Proposition I3, to show that ﬁH € Y(H),
it suffices to check that ]kakO ]kfﬁko = i+ 1. Note that we have ]kako > ]kako =1
since H € W(H(A)). It also follows that ¢;(Hy,—1) = 0 since ¢;(Hy,-1) — €i(H,) < 0 holds from
Proposition B.

Suppose jk, k-1 = i. Then, ,u(k‘J D= ,u(’ffl D = 1 follows from Remark A and @i(Hyy—1) =
By Lemma I8 ]ka+1 k-1 = i+1and ]ka+1 k, > 1 holds. Since fiH% £ 0, we know ,u(k”) Oby
Remark [A. Then, we have ka,.H+1,ko > i+1 from (D). Now, we have ]kfiH"'lskO =i+l < ka,.H+1,km
however this is a contradiction for H € W(H(A1)). Thus, jkﬁﬁ,ko_l > i+ 1 holds.

Similarly, e;(‘Y(H(1)) U {0}) c W(H(1)) U {0} is can be shown. 1

Now, we define the crystal structure on H(A) (1 € P*) using an injection V.

Definition 29 ([14])
Let A = Y;e;mi\; € P*. The crystal structure on H(Q) is defined so that ¥ is a morphism of
crystals.

The crystal structure on H(A) is isomorphic to the crystal basis of an irreducible highest
weight module of type A,—; as follows.

Definition 30 ([I4])
Let X € P*. Then define Hy € H(1) by H; = (1, 4,0, (0);<).

Remark 31 ([X4])
LetAe P*. Let Hy = (1,4,0,(0)i<;) € H(A). Fori=1,2,...,4(1), we have

i-1
U,,:/l, Uk,':/li>0.
k=1

Lemma 32 ([I4])
Let A € P*. Then H, is the highest weight element of weight A in H(A).
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Lemma 33 ([I4])
Let A = Y ;c; mi\; € P*. Then we have

HQ) ={f;, ... fiHa 1 k= 0,iy,...,ix €1}.
Therefore H(A) is connected.

For A € P*, let B(A) be the crystal basis of V(1) with the highest weight vector b,. For an
arbitrary A € P, to show that H(A) is isomorphic to B(1), we first show that H(A,) is isomorphic
to B(A,) forv e I.

Proposition 34
Let H,H' € H(A,). If wt(H) = wt(H"), then H = H’ holds.

Proof Let H = (A,,1,0,(U;j)ic;) € H(A,). Set 4 = A,. For s = 1,2,...,v, there exists a
unique j, € [n] such that Uy; = 1 by Lemma [4. By Lemma @4 and (), yy = 1if k = j for

some s = 1,2,...,v, otherwise gy = 0. By Lemma P, we have j, < j, < --- < j,. Thus,
(s, js) is uniquely determined by A and u. Therefore, if wt(H) = wt(H’), then H = H’ holds for
H,H' € H(A)). ]

By the proof of Proposition B4, we have the following.

Corollary 35
LetH = (A,,u,0,(U;j)i<j) € H(A,). Fors = 1,2,...,v, let j; € [n] such that yu; = 1. Assume
J1 < ja <--- < j,. Then,

~ {1 if (i, j) = (s, ji)s
ij —

U;; .
0 otherwise.

Lemma 36
For H = (A, 11,0,(U;j)icj) € H(A,), set Q(H) = (A,,&,0,(Vij)icj), where & = ppy1-; (i € [n])
and Vij = Uypiinar_; (1 < i < j < n). Then, Q(H) € H(A,).

Proof Setd=A,.Fors=1,2,...,v, wecan take j; € [n] such that u; = 1 since H € H(A,).
We may assume j; < j, < --- < j, by retaking j; if necessary. By Corollary B3,

U = 1 if (G, j) = (s, js) forsome s € {1,2,...,v},
Y710 otherwise.

By the definition of Q, & = 1ifk = n+ 1 — j,, otherwise & = 0. Also, we have

Vii = Ups1-int1-j

G =+ I =sn+ 1 -y,
10 otherwise.

Since £ € Pand )}, & = v, we can take H' € H(A,) such that wt(H") = £. By Corollary B3,
Q(H) = H’ holds, and hence Q(H) € H(A,) holds. 1

Definition 37
The map Q: H(A,) U {0} — H(A,) U {0} is defined by H maps to Q(H) for H € H(A,) and
Q0) = 0.
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Proposition 38
The map Q: H(A,) U {0} — H(A,) U {0} is an involution.

Proof Let H € H(A,). By Definition B4, we have Q(Q(H)) = H. Also, we have Q(0) = 0.
Then, Q is a surjection. Let H, K € H(A,) U {0}. Assume Q(H) = Q(K). By Definition B, we
have H = Q(Q(H)) = Q(Q(K)) = K. Then Q is an injection. Thus, Q is a bijection, especially
Q is an involution. 1

Proposition 39
Q: H(A,) — H(A,) has the following properties. For H € H(A,) andi € I,

1. wit(Q(H)) = wowt(H),

2. ¢i(QH)) = &,-i(H),

3. &(QH)) = ¢p-i(H),

4. fi(QH)) = Q(ep-i(H)),

5. €(Q(H)) = Q(fu-i(H)),

where wy denotes the longest element in the Weyl group of type A,_;.

Proof Let H = (A,,1,0,(U;j)ic;) € H(A,). Let wy be the longest element in the Weyl group
of type A,-. By Definition B, we have

n n
wt(Q(H)) = Zﬂnﬂ—kfk = Z#k€n+1—k
=1 k=1

= D tiwo(&) = wowi(H),
k=1

hence () holds.
By Definition B, we have

i(Q(H)) = max{p,41-i — Pn-i> 0}
= g,_1(H).

Then (2) holds. Also, we have
&i(Q(H)) = max{pty—; — nr1-i, 0}
= ‘Pn—l(H)

Then (B) holds.
From (D), (B) is obvious if f;QQ(H) = 0. Suppose f;QQ(H) # 0. Set & = wt(f;QQ(H)) and
0 = wt(Q(e,-i(H))). By Definitions [3 and B4, for k = 1,2,...,n,

fosik— 1 ik =1,
&=+ 1 ifk=i+1,
M+ 1-k otherwise

= Ok.

By Proposition B4, (&) holds.
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From (3), (B) is obvious if ¢;QQ(H) = 0. Suppose ¢;QQ(H) # 0. Set ¢ = wt(e;QQ(H)) and
0 = wt(Q(f,-i(H))). By Definitions 3 and B4, for k = 1,2,...,n,

Mn+1-k + 1 ifk= i,
k=<1 —1 ifk=i+1,
Unt1—k otherwise

= Ok.
By Proposition B4, (H) holds. 1

Proposition 40
Letk € I. There is an isomorphism from H(Ay) to B(Ay).

Proof Letk € I. From [I5][I, Theorem 4.13], it suffices to show that
1. If ¢;(H) = 0, then g;(H) = 0 for H € H(Az), i € I,
2. If fi(H) =0, then ¢;(H) = 0 for H € H(Ay),i €1,

3. Wheni,jelandi# j,if H, K € H(A) and K = ¢;H, then &;(K) equals g;(H) or g;(H) + 1.
The second case where ¢;(K) = &;(H) + 1 is possible only if @; and «; are not orthogonal
roots,

4. Wheni,jelandi # j,if H, K € H(Ay) and K = f;H, then ¢;(K) equals ¢ ;(H) or ¢ ;(H) + 1.
The second case where ¢ ;(K) = ¢;(H) + 1 is possible only if @; and «; are not orthogonal
roots,

5. Assume thati, j € Iand i # j. If H € H(Ay) with g;(H) > 0 and gj(e;H) = &;(H) > 0, then
eje;H = eje;H and ¢;(e;H) = ¢;(H),

6. Assume that i, j € I and i # j. If H € H(Ay) with ¢;(H) > 0 and ¢;(f;H) = ¢;(H) > 0, then
fifiH = f;fiH and g;(f;H) = &;(H),

7. Assume that i, j € I and i # j. If H € H(Ay) with g;(e;H) = g;(H) + 1 > 1 and g;(e;H) =
gi(H)+ 1> 1, then e,-e?eiH = ejel.zejH # 0, pi(e;H) = go,-(e?eiH) and p;(e;H) = tpj(e?ejH),

8. Assume that i, j € Tand i # j. If H € H(Ay) with ¢;(f;H) = ¢;(H) + 1 > 1 and ¢;(f;H) =
@i(H)+ 1 > 1, then f,-fff,»H = fijZfJH #0,&(f;H) = 8,-(fj2ﬁH) and g;(f;H) = sj(fl.zfjH).

by Remark I8, Lemmas B3 and B2. By Remark [[8, () and (2) hold. Also, again by Remark [,
we know that there is no i € I such that g;(H) > 1 (resp. ¢;(H) > 1), so (@) (resp. (B)) is true.

Leti,j e Iwithi# j. Let H,K € H(A;). Assume K = e;H. By Definition [3, £;(K) = &;(H)
isobviousif j#i—1,i+ 1. Let H = (A, 11,0, (Ujj)icj) and K = (A, &, 0, (Vij)icj). We know
gi(H) = 1 from K # 0 and Remark I8, especially ;1 = 1 and y; = 0. By Definition 3, if
Hi-1 = 0, then &_1(K) = g;_1(H) + 1, otherwise &;_1(K) = &;-1(H). Also, if y;.» = 1, then
€ir1(K) = gi11(H) + 1, otherwise €;,1(K) = &1 (H). Then (3) holds.

Leti,j e Iwithi# j. Let H € H(Ay). Assume that £;(H) > 0 and g;(e;H) = g;(H) > 0.
By Definition [3, wt(e;e;H) = wt(eje;H) holds. Then, e;e;H = e;e;H holds by Proposition B4.
By assumption and (B), we can assume j # i — 1,i + 1. Then, we have ¢;(e;H) = ¢;(H) by
Definition 3. Thus, (B) is satisfied.

By Propositions BR, B9, and (H), (B) immediately holds. 1

Then we have the following from Definition ¥ and Proposition E0.
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Theorem 41 ([14])
Let A € P*. Then, we have a crystal isomorphism ®: H(1) — B(A) such that ®(H,) = b,.

The crystal structure on H(A) can also be given by considering a combinatorial description.

Theorem 42 ([I4])
Let A = };c;miA;. For H € H(A), the maps wt, fj, e;, ¢;, €; (j € I) are computed as follows.
Fix jel.
1. wt(H) = Xje/(ui — i)
2. Fork e {1,2,...,j}, set ¢§k)(H) = max{gog.k_l)(H) + Ui,j — Uks1,j+1,0}. Note that we regard
<p(jo) as 0. Then, we have ¢ ;(H) = cpg.j)(H).

3. Forke{1,2,..., j+ 1}, set 6 (H) = max{&!""(H) + Ujsa 4 js1 — Ujs14j, 0}. Note that we

regard 8;0) as 0. Then, we have &;(H) = e(jj”)(H),

4. Ifp;(H) = 0 then f;H = 0. If p;(H) # 0, let
kyyn = min{k € [n] | VI > k, goy)(H) > 0}.

Then, we have f;H = (4,u’,0, (U,’d)k</) where

uo= Z i€+ (uj— Dej + (uje1 + Dejr,
Kt
Uuy—-1 iszkf/H,lzj,
Uy ={Uu+1 ifk=kppl=j+]1,
Un else.

5. If;(H) = 0 then ¢;H = 0. If g ;(H) # 0, let
ke,n = minfk € [n] | Y1 > k, &7 (H) > 0}.

Then, we have e;H = (4,4, 0, (U} )k<1) where

W= Z Hi€i + (uj+ Dej + (pjer = Dejpr,
k#j,j+1
Uu+1 iftk=j+2—ken,l=],
Uy, =qUu -1 ifk=j+2—kyn,l=j+1,
U else.

3 Algorithms for the Crystal Structure on K-hives

In this section, we give a set of algorithms to compute the components of the crystal structure on
H(A) (A € P*) using two approaches. One approach is based on Definition P9, which implies that
the crystal structure on H(A) is regarded as a subset of a tensor product of the form H(A;) with
k € I. The other approach is based on Theorem B2, which is a more combinatorial description.
To consider algorithms, we regard H = (4,4,0, (U;j)i<j) € H(A) as a hash table with keys
A, u, v, and (U;j)ic;, where the value of A is an array [A,As,...,d,], the value of u is an
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array [, {42, . .., (y], the value of y is an array [0,0,...,0], and the value of (U;j);<; is a two-
dimensional array [[Ui, Uis, ... 1, [Uss, ... 1, ..., [Un=1.4]]-

To give algorithms for the crystal structure on H(A) based on Definition P9, we first consider
algorithms for the crystal structure on H(Ay) (k € I). The maps f; (resp. e;) (I € I) for H(Ay) (k €
I) are computed by Algorithm 0 (resp. Algorithm [). Note that the maps wt, ¢;, &; (i € I) are
simply computed by Definition I3 as ¢, (tx — Mr+1)Ak, max(u; — iv1,0), max(u+1 — f;, 0),
respectively for H = (Ag, 1,0, (U;j)i<j) € H(Ag).

Algorithm 1 Algorithm for f; on H(Ay)
Input: H = (A, 11,0, (Uijicj) € H(Ap), i €1
Output: f;H

1: if max(pi = Mis1>» O) = ( then

2 return 0

3: end if

4: Take ko from {k € [i] | Uy,; > 0}
50pi=p— 1
6
7
8
9

D1 = i+ 1

: Uko,i = ng,i -1

2 Upp i1 1= Upyis1 + 1

: return (A, i1, 0, (U;j)i<j)

Algorithm 2 Algorithm for e; on H(Ay)
Input: H = (A, 11,0, (Uij)icj) € H(A)), i €1
Output: ¢;H

1: if max(ym — M, 0) = 0 then

2 return 0

3: end if

4: Take ko from {k € [i + 1] | Uy 41 > 0}
S5t M=+ 1
6
7
8
9

D M1 = iy — 1

s Uk = Upyi + 1

: Uko,Hl = Ukn,i+1 -1

. return (4, 1,0, (U;))i<;)

Let us give an example of executing Algorithm [II.

Example 43

The action of f; on the Ug(sly)-crystal H(A3) is computed as follows by Algorithm . Let
H = (A3,A3,0,(0)r«;)) € H(A3). Set u = A3z. Note that Az is represented by the partition
(1,1,1,0). Fori = 1, we have fiH = 0 since max(u; — u»,0) = 0. Also, fori = 2, we have
foH = 0 since max(up — u3,0) = 0. Leti = 3. In this case, max(u3 — u4,0) = 1. Then we
can proceed to the next step. Since {k € [3] | Uxs > 0} = {3}, ko is uniquely determined to 3.
Then set & = u, then set & = u3 —1 = 0and &4 = py + 1 = 1. Also, set V;; = Ujj, and set
Vsz=Us3z—1=0andVs4 = Us4+ 1 = 1. Then we have f;H = (A3,£,0,(V;))i<;). See Fig. B.

Algorithms [ and [ generate results that correspond to Definition I3 as follows.

Proposition 44
Forkel, let H € H(Ay). Leti € 1.
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Fig. 3: Action of f3 on the U,(sl4)-crystal H(Aj3)

1. Let K be the result of Algorithm [ with inputs H and i. Then, K = f;H,

2. Let K be the result of Algorithm & with inputs H and i. Then, K = ¢;H.

Proof For k € I, let H € H(A). Leti € I. () Let K be the result of Algorithm [ with inputs
H and i. By Lemma [Il, ky in Algorithm [ is uniquely determined. Then we have K = f;H from
Definition M. Similarly, () can be shown. 1

For A € P*, the map ¥, is computed by Algorithm B.
The following is an example of executing Algorithm B.

Example 45

Letn=4,4=(3,2,1,0), and u = (2,3,1,0). Let H = (4, u,0, (U;j)i<j) € H(A), where U, = 1
and U;; = 0if (i, j) # (1,2) and i < j. Then W (H) is computed by Algorithm 3 as follows.
Setv = (1) = 3. Let A2 = A7, A0,..., A7), where A? = 1 ifk € [v] else 17 = 0.
Set Uy = Ujj for1 < i < j < 4. Since min{l € [4] | Uy > 0} = 1, set U] = 1 and
U2 = 0% = U =0. Since min{l € [4] | Uy > 0} = 2, set US) = 1 and US) = US) = 0.
Since min{l € [4] | Uy > 0} = 3, set U = 1 and U} = 0. Set

W2 =02=1, 2 =vP+0P=1,
(2) U(Z) + U(Z) + U(2) =1, ,U(z) U(Z) + U(2) + U(Z) + U(Z) 0.

Set

A= -aP =2, AV =1-1P=1,
W=pn-1P=0 aV=1-1P=0.

Set U} = Ujj— Uy for 1 <i < j<4. Set

(1) U(l) 1, (1) U(l) Uglz) =2,
(l) U(l) U%) Uél; =0, (1) U(l) U;L) + U;!t) + Ua(tlt) =0.
Then ¥, = (A1, D, 0, (Uf;))) ® (4@, .0, (U§j>)). See Fig.

Algorithm B generates a result corresponding to an image of '¥,.
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Algorithm 3 Algorithm for ¥,
Input: H = (4,u,0,(U;))i<;) € H(1)
Output: V,(H)

1: fork=1,2,...,ndo > Compute 1®
2 if k e [1 é’(/l)]z then

3 /l =1

4 else

5: /lf) =0

6 end if

7: end for

8: 1@ = AP, 20,...,47)

9: (Ui(?))Kj = (U,’j)l‘<j > Compute (Uf?))iq‘
10: fori=1,2,...,n—1do

11: for j=i+1,i+2,...,ndo

12: if j = min{/ € [n] | U; > 0} then

i U2 -

14 else

15 Uy =

16 end if

17: end for

18: end for

19: fork=1,2,...,ndo > Compute pu»
00 42 Z,_ U](f)

21: end for

22: W @ . (/1(2),;1(22),...,,11,, )

23: for k =1,2,...,ndo > Compute AV
2 AV = /lk - /1,(?

25: end for

26: A0 = AP, A0, A

27: (U(]))K] (U11)1<] < ComPUte (U(I))Kj
28: forz—12 .,n—1do

29: f0r]—l+ll+2 ndo

30: vl = vy, U()

31: end f(l)]r

32: end for

33: fori=1,2,...,ndo > Compute u"
3 p =3 lUl(il)

35: end for

36: return (A0, 4,0, (U)ic)) ® (A2, 1,0, (U}D)ic))

Proposition 46
For A € P*, let H € H(A). Let K be the result of Algorithm B with input H. Then, K = ¥ ,(H).

Proof The statement immediately follows from Definition I=. ]

The map ¥ is defined to apply ¥, (1 € P*) repeatedly, and note that the algorithm for ¥, is
given by Algorithm B. Then, the map ¥ is computed using Algorithm &.
The following is an example of executing Algorithm 8.
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Fig. 4: Action of ¥, on H(1)

Algorithm 4 Algorithm for ¥
Inmput: H = (4,4,0, (U;))i<;) € H(1)
Output: Y(H)
1: HH® Hy := Y, (H)
22 N=2
3: while H| ¢ H(Ay) for any k € I do
4: Ki® K, :=¥Y(H))
5: H=KiK;y®H,®---® Hy
6
7
8
9

N=N+1
Rename Has H=H,®H,®---® Hy
: end while

. return ), H

Example 47
Letn=4,4=(3,2,1,0)and u = (2,3,1,0). Let H = (4, 11,0, (U;j)i<;) € H(A), where Ui, = 0
and Uj; = 0if (i, j) # (1,2) and i < j. By Algorithm [,

Wa(H) = ((2,1,0,0),(1,2,0,0), (0), (U;) @ ((1,1,1,0), (1, 1,1,0), (0%, (U))
= H| ® Hy,
where

U = 1 if(i,j) =(1,2),
i 0 otherwise,

U}?:O (1<i<j<4).
Since H, € H((2, 1,0, 0)), we proceed with the algorithm.

W,(Hy) = ((1,0,0,0),(0,1,0,0), (0%, (V) @ ((1,1,0,0), (1,1,0,0), (0%, (V}))
=K, ®K,,

where

K 0 otherwise,

O _ {1 if(i.j) = (1.2).

VP =0 (1<i<j<4).
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Then rename K| ® K> ® H, as H; ® H, ® H;. Then, we have
Y(H)=H, ® H, ® H;

See Fig. B.

Fig. 5: Action of ¥ on H(1)

The result of Algorithm B corresponds to the image of 'P.

Proposition 48
For A € P*, let H € H(A). Let K be the result of Algorithm 8 for input H. Then, K = W(H).

Proof By Proposition 2, it is clear that Algorithm B yields the image of W if the while state-
ment stops. For A € P*, let H € H(A). Suppose H; ® H, ® - - - ® Hy; is obtained at the k-th step
of the while statement in Algorithm @, and H; ¢ H(A;) for all i € I. Assume H, € H(A") for
AD e p*, where AV £ A, for all i € I. This means that there exists m € [n] such that /lg,t) > 1,
especially /l(ll) > 1. Set ' = AV and my = /l(ll). Then at k + my — 1 step in the while statement,
we have

Hi®H)® - ® Hiymys1.

Assume H, € H(A"). Note that, since the indices are renamed, we retake H; and V. By
Algorithm B, we have /15,1) = max(/lﬁ,f) = (mp — 1),0) for m € [n]. Since A’ € P* and my = A},
/l(Wl,) € {0, 1}. Hence H; € H(A,) for v € I. Thus, the while statement stops. 1

To compute f;, e; (i € I) on H(1), we need the algorithm of ¥~! for the image of ¥. Algo-
rithm B computes P! for H € Y(H(A).

Proposition 49
For A € P*,let H € HQ1). Let W(H) = H @ H; ® --- ® Hy. Let K be the result of Algorithm B
with input H) ® Hy ® --- ® Hy. Then, K = H.

Proof For A € P*,let H € H(1). Let YW(H) = HH ® H, ® --- ® Hy. Let K be the re-
sult of Algorithm B with input H; ® H, ® --- ® Hy. Assume that H = (1,4,0, (U;j)i<;) and
H; = (A<’<>,#<’<>,0,(U§jf>),-<j) for k = 1,2,...,N. Let ¥,(H) = K; ® K». Assume K,, =

(v(m),f(m),O,(Vg.‘)),-< ;). By Definition ¥, we have 1; = v,(cl) + vf), U = ,((]) + g‘;:]((2) for k =
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Algorithm 5 Algorithm for P!
Input: H=H ®H® - ® Hy € @, H(A), Hy = (A, u®,0,(U})ic)) € HAY).
Output: ¥~ '(H) € H(1)

1. fori=1,2,...,ndo
2 A=y Al
3: end for
4: 1:=(A1,42,...,4,)
5: fori=1,2,...,ndo
k
6 =y, u
7: end for
8 = (U1, M2y - s M)
9: fori=1,2,...,n—1do
10: for j=i+1,i+2,...,ndo
11: U,’j = Zszl Ul(jk)
12: end for
13: end for
14: return (/l,ﬂ, 0, (Uij)i<j)

L,2,...,Nand U;; = U?}) + Uff) for 1 <i < j < n. Since the construction of ¥, we obtain

A=A+ AV (k=1,2,...,N),
peo= ) ) k= 1,200,
Uj=U +--+ U (1<i<j<n).

Thus, we have K = H. 1

By Definition P9, the crystal structure on H(A) is defined by considering H(A) as a subset of
a tensor product of the form H(Ay) with k € 1. In detail, embedding H € H(1) into ® « H(A®)
by ¥, then compute the maps wt, ¢;, &, f;,e; (i € I) by Definition B, then pulling it back into
H(A). Then, the maps wt, ¢;, &;, fi,e; (i € I) are computed by the following algorithms. For
Ade Pt letH € HQ). Let W(H) = HI®H,®- - -® Hy, which is computed by Algorithm B. Then
wt(H) is computed by wt(H) = Zsz | Wt(Hy), where wt(Hy) is computed by algorithm of wt for
H(Ay) for some k&’ € I. Then ¢;(H) is computed by ¢;(H) = ¢;(H ® H, ® --- @ Hy), where
wi(Hi®Hy®- - -®Hy) is computed by Definition B and ¢; for H(Ay) (k € I). Similarly, €;(H) can
be computed. Also, f;(H)is computed by ¥~ (fi(H;®H,®- - -®Hy)), where fi(H|®H,®- - -®@Hy))
is computed by Definition B and Algorithm [I. Similarly, e;(H) can be computed.

Proposition 50

Let A € P*. Let wt, ¢;, &, f;, e; (i € I) be computed using the above algorithms for H(A). Then,
the crystal structure on H(A) determined by these maps corresponds to the crystal structure
defined by Definition 9.

Proof By Definition P9, Proposition ES, and Proposition B4, the statement follows. 1

The crystal structure on H(1) (1 € P*) is also directly computed by Theorem B2. The
following algorithms compute the maps ¢;, &, f;, e; (i € I) based on Theorem E2. Note that the
map wt is simply computed by 3, (ux — px+1)Ax for H = (A, 1,0, (U;)i<)-

The following is an example of executing Algorithm B.
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Al

gorithm 6 Algorithm for ¢; on H(1)

Input: H = (la ,U, 05 (Ulj)l<]) € H(/l), l € I
Qutput: ¢;(H)

wi(H) :=0
fork=1,2,...,ido
@i(H) := max(Uy; — Ugy1,i41 + ¢i(H),0)
end for
return ¢;(H)

Al

gorithm 7 algorithm for &; on H(2)

Input: H = (la ,U, 05 (Ulj)l<]) € H(/l), l € I
Output: &;(H)

g(H) =0
fork=1,2,...,ido
gi(H) := max(Ujyakir1 — Uik + &i(H), 0)
end for
&i(H) = max(Uy 11 + £:(H),0) >Fork=i+1
return g;(H)

Algorithm 8 Algorithm for f; on H(2)

Input: H = (/l’/ls 09 (Ulj)l<j) € H(/l)’ iel
Output: f;H

11:

1
2
3
4
S:
6
7
8
9

. if ¢;(H) = 0 then
return 0
- end if
. F :=[0] > Set an array
fork=1,2,...,ido
: F := F.append(max(Uy; — Ujs1,+1 + F[k —1],0))
: end for
: kﬁ[-[ =1
cfork=ii-1,...,1do
if F[k] < O then
kf,-H =k-1
break
end if
end for
CH= -l
Hiv1 = iy + 1
Ui = Ug, i — 1
Ui, iv1 := Uk in + 1
return (/l,[l, 0, (Ul‘j),'<j)

Example 51
Letn =4, = u = Ay + A;. Note that A| + A3 is represented by the partition (2,1, 1,0). Let

H

= (A, 1,0, (0)x<;) € H(A). The action of f; on H(A) is computed as follows by Algorithm B.

Leti = 1. Set F = [0]. Since Uyy — Uy + F[0] = 1, set F = [0,1]. Set ksy = 1. Since

Fl

1]= 1 >0, WChaVekﬁHZ 1. Thensetyl = U1 -1= 1,/.12 =,Ll2+1=2, Uy =Uyp -1= 1,
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Algorithm 9 Algorithm for e; on H(1)

InplIt: H = (la ,U, 05 (Ulj)l<]) € H(/l)’ l € I
QOutput: ¢;H
if £;(H) = 0 then

return 0
end if
E :=[0]

fork=1,2,...,i+1do
E := E.append(max(Uio—k; — Uis1-ki+1 + E[k — 1]1,0))
end for
ke;H =1
fork=i+1,i,...,1do
if E[k] < O then

kot =k — 1
break
end if
end for
M= pi+ 1
Hirt 1= Mig1 — 1
Uksr—kyi = Upsrk i + 1

Uity i1 1= Uks—iyiv1 = 1
return (4, i, 0, (U;))i<;)

andUyp = Upp + 1 = 1. Then we have fiH = (4,u,0,(U;))i<;). See Fig. B.

Fig. 6: Action of fi on the U,(sly)-crystal H(A; + A3)

Algorithms B, [, B, and B compute ¢;, &;, f;, e;, (i € I) according to Theorem E2.

Proposition 52
For A e P*, let H € H(A). Leti € 1.

1. Algorithm @ with inputs H and i yields ¢;(H).
2. Algorithm I with inputs H and i yields g;(H).
3. Let K be the result of Algorithm B with inputs H and i. Then, K = f;H.
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4. Let K be the result of Algorithm @ with inputs H and i. Then, K = ¢;H.

Proof (W) and () immediately follow from Theorem E2. (B) is proved if kzy in Algorithm B
corresponds to the one in Theorem E2.

For A € P*,let H = (4, ,0,(U;)i<j) € H(1). We can assume ¢;(H) > 0. This means that
kyq is defined and

@i(H) = Z (Uri = Urg1,ix1)-
k=kp;n

. kpn—
In particular, gol(. it

kp. Then we have

Y(H) = 0 and ¢ (H) = Uy,,,; - Us,,+1; > 0 hold by the definition of

m

o™ (H) = Z (Ui = Uks1is1) >0 (m=kppokpp +1,...,0).
k=kpn

By Theorem BEZ, F in Algorithm B is an array of gpl(.l)(H) such that F[[] = gogl)(H) for [ € [i]. Then
max{k € [i] | F[k] < O} = k;y — 1 holds, hence k. in Algorithm B corresponds to the one in
Theorem B2. Similarly, () can be shown. ]

4 Examples by khive-crystal

In this section, we show some examples of executing the algorithms given in Section B. These
examples are computed by the originally implemented Python package named khive-crystal
[T3]. Then we also give the usage of khive-crystal.

In khive-crystal, K-hive can be declared by the function khive. Furthermore, we can show a
K-hive as an image using the function view. The following code is an example of functions of
khive and view.

» from khive_crystal import khive, view

» H = khive(
n=4, alpha=[3, 2, 1, 0], beta=[3, 2, 1, 0], gamma=[0, 0, 0, 0], Uij=[[0, 0, 0], [0, 0], [0]]
»H

KHive(n=4, alpha=[3, 2, 1, 0], beta=[3, 2, 1, 0], gamma=[0, 0, 0, 0], Uij=[[0, 0, 0], [0, O], [0]])

» view(H)
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The following codes compute the crystal structure on U,(sl3)-crystal H(A,) by Algorithms [
and D.

» from khive_crystal import e, epsilon, f, khive, phi, view
» H = khive(n=3, alpha=[1, 1, 0], beta=[1, 1, 0], gamma=[0, 0, 0], Uij=[[0, 0], [0]])
» view(H)

» f(i=1)(H)
# None
» view(f(i=2)(H))

The crystal graph of H(A;) can be shown by the function called crystal_graph, where the
function khives is the function to declare H(A,).

» from khive_crystal import khives, crystal_graph
» crystal_graph(khives(n=3, alpha=[1, 1, 0]))
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@mpu, 1, 0], beta=[1, 1, 0], gamma=[0, 0, 0], U§j=[(0, 0], [0])

P
y

< KHivetw=3, apha=[1, 1, 0], beta=[1, 0, 1} gamma=[0, 0, 0], U={[0, 0L [11)

1
y

< KHive(w=3, apha=[1, 1, 0], beta=[0, 1, 1}, gamma=[0, 0, 0], UiF={[1, 0L, [11)

Note that the crystal graph is realized by the open source graph visualization software called
Graphviz.

The crystal structure on H(A2) (1 € P*) is defined by algorithms of the crystal structure of
H(Ay) (k € ), P,, P, and P~'. Then we first show an example for Algorithms B, B, and B, which
are implemented as functions psi_lambda, psi, and psi_inv, respectively. The following code is
an example for ¥(330) and ¥ for H((3, 3, 0)).

» from khive_crystal import khive, psi, psi_lambda, view
» H = khive(n=3, alpha=[3, 3, 0], beta=[3, 3, 0], gamma=[0, 0, 0], Uij=[[0, 0], [0]])
» psi_lambda(H)
[
KHive(n=3, alpha=[2, 2, 0], beta=[2, 2, 0], gamma=[0, 0, 0], Uij=[[0, 0], [0]]),
KHive(n=3, alpha=[1, 1, 0], beta=[1, 1, 0], gamma=[0, 0, 0], Uij=[[0, O], [O]])
1
» view(psi_lambda(H))

» psi(H)

KHive(n=3, alpha=[1, 1, 0], beta=[1, 0, 0], gamma=[0, 0, 0], Uij=[[0, 0], [0]]
KHive(n=3, alpha=[1, 1, 0], beta=[1, 0, 0], gamma=[0, 0, 0], Uij=[[0, 0], [0]]),
KHive(n=3, alpha=[1, 1, 0], beta=[1, 1, 0], gamma=[0, 0, 0], Uij=[[0, O

]

» view(psi(H))
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Then we show examples of algorithms of f; for H(1). The following code is an example of
JSa for H((3, 3,0)).
» from khive_crystal import khive, psi, psi_inv, view
» H = khive(n=3, alpha=[3, 3, 0], beta=[3, 3, 0], gamma=[0, 0, 0], Uij=[[0, 0], [0]])
» psi_inv(f(i=2)(psi(H))) # = fi(H)

The crystal structure on H(A) (1 € P*) is also computed by Algorithms B and 8.

» from khive_crystal import khive, e, epsilon, f, phi

» H = khive(n=3, alpha=[3, 3, 0], beta=[3, 1, 0], gamma=[0, 0, 0], Uij=[[0, 0], [0]])
» phi(i=2)(H)

3

» view(f(i=2)(H))

The crystal graph of H((3, 3, 0)) is the following.

» from khive_crystal import khives, crystal_graph
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» crystal_graph(khives(n=3, alpha=[3, 3, 0]))

KHive(n=3, alpha=[3, 3, 0], beta=[3, 3, 0], gamma=[0, 0, 0], Uij=[[0, 0], [0]])

KHive(n=3, alpha=[3, 3, 0], beta=[3, 2, 1], gamma=[0, 0, 0], Uij=[[0, 0], [1]])

1 2
KHive(n=3, alpha=[3, 3, 0], beta=[2, 3, 1], gamma=[0, 0, 0], Uij=[[1, 0], [1]]) KHive(n=3, alpha=[3, 3, 0], beta=[3, 1, 2], gamma=[0, 0, 0], Uij=[[0, 0], [2]])
R R
KHive(n=3, alpha=[3, 3, 0], beta=[2, 2, 2], gamma=[0, 0, 0], Uij=[[1, 0], [2]]) @, 3], gamma=[0, 0, 0], Uij=[[0, 0], [3]])
1 2 1
KHive(n=3, alpha=[3, 3, 0], beta=[1, 3, 2], gamma=[0, 0, 0], Uij=[[2, 0], [2]]) KHive(n=3, alpha=[3, 3, 0], beta=[2, 1, 3], gamma=[0, 0, 0], Uij=[[1, 0], [3]])
2 1

KHive(n=3, alpha=[3, 3, 0], beta=[1, 2, 3], gamma=[0, 0, 0], Uij=[[2, 0], [3]])

KHive(n=3, alpha=[3, 3, 0], beta=[0, 3, 3], gamma=[0, 0, 0], Uij=[[3, 0], [3]])

S Concluding Remarks

In this paper, two approaches are given for a set of algorithms for crystal structures on H(A) for
A € P*. One approach can be obtained by considering H(A) as a subset of a tensor product of
the form H(A;) with k € I. This method also provides an algorithm to embed a K-hive into
the tensor products of K-hives whose right edge labels are determined by a fundamental weight.
The other approach can be obtained by considering a combinatorial description of the crystal
structure on H(A).

Recall that H(A) realizes the crystal basis of the irreducible highest weight module of the
highest weight A. Then, we can compute the action of U,(sl,) on V(1) at ¢ = 0 and apply it to
compute other representation problems by crystals of K-hives. For example, the tensor product
decomposition problem may be one of the problems, which can be computed from crystals of
K-hives.
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